Extra-dimensional scenarios have become widespread among particle and gravitational theories of physics to address several outstanding problems, including cosmic acceleration, the weak hierarchy problem, and the quantization of gravity. In general, the topology and geometry of the full spacetime manifold will be non-trivial, even if our ordinary dimensions have the topology of their covering space. Most compact manifolds are inhomogeneous, even if they admit a homogeneous geometry, and it will be physically relevant where in the extra-dimensions one is located. In this letter, we explore the use of both local and global effects in a braneworld scenario to naturally provide position-dependent forces that determine and stabilize the location of a single brane. For illustrative purposes, we consider the 2-dimensional hyperbolic horn and the Euclidean cone as toy models of the extra-dimensional manifold, and add a brane wrapped around one of the two spatial dimensions. We calculate the total energy due to brane tension and bending (extrinsic curvature) as well as that due to the Casimir energy of a bulk scalar satisfying a Dirchlet boundary condition on the brane. From the competition of at least two of these effects there can exist a stable minimum of the effective potential for the brane location. However, on more generic spaces (on which more symmetries are broken) any one of these effects may be sufficient to stabilize the brane. We discuss this as an example of physics that is neither local nor global, but regional.
Extra spatial dimensions are a common feature of modern fundamental theories of physics beyond the Standard Model. They arise in attempts to unify the gauge theories of the Standard Model with gravity (e.g. string theory); in solving the weak hierarchy problem with large extra dimensions (e.g. [1] [2] [3] ); in explaining flavor hierarchy (e.g. [4] ); and in addressing the dark energy problem via infra-red modifications of gravity (e.g. [5] [6] [7] ).
Two popular (and nonexclusive) ideas to make these scenarios consistent with experimental constraints are to confine Standard Model fields to submanifolds of lower dimension (branes) and also to compactify extra dimensions. In the latter case, a topology must be specified in order to determine the phenomenology; since topology is a global property it cannot be determined by the local Einstein equations.
Manifolds of non-trivial topology are most familiarly obtained from a global covering space of constant curvature, then modding out by a discrete subgroup of the covering space's isometry group. Thus a cylinder (E 1 ×S 1 ) is obtained from the Euclidean space (E 2 ) by modding out by the group (Γ) of 1-dimensional discrete translations. The local geometry remains homogeneous and isotropic, however the behavior of fields indicates that some symmetry has been broken. For example, momentum is quantized in the compact dimension, while it remains continuous in the infinite dimension; in other words the physics is locally anisotropic. Even so, there exist no special places in this space.
Contrast this with the 2D horn, obtained from the hyperbolic space H 2 and again modding out by Γ. Fields on this space indicate that both rotational and translational symmetry are broken. For example, modes of a given momentum are typically highly suppressed in the region where the wavelength is larger than the circumference of the compact dimension. This tells us e.g. the probability amplitude for local interaction between a brane embedded in this space and fields propagating in the bulk (e.g. the graviton) would be very sensitive to the brane position. Even the effective dimensionality of the bulk space is sensitive to the location of such a brane, as the energy required to excite modes in the compact dimension increases significantly as the brane moves down into the cusp.
A final example, and the one explored in detail in this work, is that the effective energy density associated with a 4-brane wrapped around this space depends on the location along the horn. Different contributions to this energy -brane tension, extrinsic curvature, the Casimir energy of bulk fields with non-trivial boundary conditions on the brane -each vary with position, providing local forces on the brane. Thus we see that even on spacetimes which are locally homogeneous and isotropic the local physics will generally not be due to the global structure of the manifold.
Considering, however, that hyperbolic horns (which are not fully compact) possess some of the same distinguishing features as the "cuspy" regions of compact hyperbolic manifolds (CHMs) 1 , the dependence of the aforementioned local effects on the full structure of the space is likely an overstatement. What appeared to be a result of the global properties of the horn should just be attributed to the features of a finite region of the actual manifold, which might be a CHM, for example. Though presently lacking a precise mathematical definition, regional manifold properties are those which cannot be deduced from the local geometry alone and yet do not generally depend on the full structure of the manifold. An example regional quantity is readily found on the horn -the shortest non-trivial closed curved through a given point, i.e. the circumference.
In light of the physical relevance of a brane's position in the bulk, it is imperative to find a mechanism that would determine its location. Furthermore, without any preferred position, the brane position would correspond to a massless scalar (or scalars) that generically couples to matter with gravitational strength; this would be at odds with experimental constraints and therefore its stabilization is vital. In this work we exploit various contributions to an effective potential for the brane location, and have classified them according to effects which are local/geometric and global (or regional, in this approximation).
The most substantial calculation to be performed is that of the Casimir energy due to bulk fields, a global quantity. Using the Casimir effect to stabilize branes and other moduli is not a new idea (see e.g [11] [12] [13] [14] ), however to our knowledge, it has not been used to stabilize a single brane; this is a possibility if the bulk manifold lacks translation invariance. Calculation of Casimir energies is subtle because it strongly depends on the bulk and boundary geometry, topology, dimensionality, field type and boundary conditions. On dimensional grounds, the magnitude of the effect can be estimated, however, in order to get the overall sign of the energy a full calculation usually must be performed. Having explicit analytic expressions for the field modes makes this task much more tractable.
Here, we use the 2D hyperbolic horn and Euclidean cone, obtained from Euclidean 2-space by excising a wedge and identifying opposite sides of the cut (giving a conifold, not a manifold), as models of an extradimensional manifold. Both have important (and complementary) features of more generic manifolds: one has intrinsic curvature and the other doesn't; one is infinite in extent while the other ends at a finite distance; they both have "large" and "small" regions and a corresponding breaking of translation invariance; and most importantly, scalar field modes can be solved for analytically on both. They are interesting manifolds in their own right, but one may also consider them as approximations to a region of more complicated manifolds.
We suppose that all Standard Model fields are confined to a codimension-1 brane (a 4-brane) as pictured in Figure 1 and 2, but they may propagate freely in the compact dimension (i.e. it is "universal" [15] ). For simplicity, we take a bulk scalar field, φ, to exist and satisfy Dirichlet boundary conditions on the brane 2 . We calculate the total energy, which is the sum of the local contributions due to geometric properties of the brane as well as that due to the zero point energy in φ. Of course the geometry of the horn or the cone must still be stabilized in some way, but we do not consider this issue here.
The line element for the horn space-time can be written in coordinates such that
where η µν is the 4D Minkowski metric, we identify (θ) ↔ (θ + 2π) and we have chosen our coordinates such that the horn circumference at z = 0 is 2πz (from here on we shall work in units where the horn length scale, z ≡ 1). The geometry of the coned spacetime is flat and parameterized by a deficit angle, 2πδ, i.e. identifying θ ↔ θ + 2π (1 − δ). We will display salient results for the horn and summarize the results for the cone, saving many of the details and alternative configurations for a followup work [16] . Local/Geometric Contributions: Generally, there will be a non-zero brane tension, σ, that contributes an energy on the horn given by
where γ µν is the induced metric on the 4-brane, and the volume of the regulated Minkowski spatial slice is denoted by V M . There can also be an energy contribution due to the extrinsic curvature of the brane, K ab , a type of elastic energy associated with how the brane bends within the bulk. An example contribution would behave like dV K 2 , where K = K aa . On this geometry, however K is a constant, as are any contractions one could construct between K ab and the Riemann tensor of the bulk. As a result any bending energy scales in the same way as that due to σ, and is thus indistinguishable. So without loss of generality we encode all geometric effects in σ. We note, however, the same is not true on the cone. Global Contributions: The modes of a massless bulk Klein-Gordon field, φ, are (up to a normalization)
where p is the Minkowski momentum, n ∈ Z and
where I and K are the modified Bessel functions of the first and second kind, respectively, and a, b and the {k} (which are implicitly dependent on n) are determined by normalization and the Dirichlet boundary condition, Z n,k (z b ) = 0. To make the problem more tractable, we regulate the infinite spatial volume of the horn by truncating the space at z L z b , and impose there a Dirichlet boundary condition, taking z L → −∞ in the end. We find that the n = 0 modes do not contribute to the Casimir energy and so do not display them here. For n = 0, the positive frequency dispersion relation is
We take a global approach to the Casimir effect, calculating the vacuum energy in φ, for which we use the canonical result E 0 = 1 2 i ω i . The sum, which is over the modes from both sides of the boundary, is clearly infinite and so we employ the zeta-function regularization technique (see e.g. [17] ):
where µ, the renormalization scale, has units of energy.
Because the summand is even in n, we may sum n over twice the positive integers, obtaining from (6) the expression
where we have used a Mellin transform to compute the p-integral. The {k} are not known explicitly as they correspond to roots of Bessel functions, however the sum over the spectrum may be represented as a contour integral [17] . With some mild restrictions on the choice of the generating functions used in that technique, one can show that contour may be deformed and, after analytic continuation in s we arrive at
where an O(s) correction has been omitted for brevity and the ∆ n (k) are mode generating functions, found for both sides of z b to combine to effectively become
The divergent parts from E 0 (s) need to be isolated so that they may be either analytically continued to finite quantities or explicitly absorbed through some renormalization(s). We cannot yet perform an analytic continuation in s of (8), so we approach it using a uniform asymptotic expansion, closely following [17] . The divergences occur at large k and n, and the expansion isolates the asymptotic behavior, taking these variables to infinity simultaneously while keeping their ratio fixed. The divergent behavior can then be understood analytically and properly dealt with.
To this end, we will decompose E 0 (s) into a sum of its divergent and finite parts
We define x b ≡ |n|e z b , y ≡ k/x b , and perform a uniform asymptotic expansion of the modified Bessel functions (see e.g. [18] ) which results in the expansion
where the F 2j (y) are fractions of polynomials in y. Under these variable changes, we expand (8) in powers of x b which results in (after a bit of effort) 
which we subtract from E 0 (s) to (numerically) obtain E fin 0 . There is a pole in E div 0 (s) that does not depend on z b , and so is simply discarded.
There will also be a vacuum energy associated with the standard model fields living on the brane. Though we will not calculate their effect explicitly, by dimensional considerations this energy must behave approximately as E 0,SM ∼ κ SM e 4z b V M . In principle κ SM can be calculated once z and z b have been specified/determined. Summary of Results: To summarize, the total energy is given by
We obtain analytic expressions for the asymptotic behavior, providing a useful check of the numerics. Each contribution to the (4D) energy density may be approximated using a series or an Euler-Maclaurin expansion, giving
lim
where we have put back the horn curvature scale, z , and have renormalized the brane tension to include finite quantum corrections from the bulk scalar. For σ ren > 0, a local minimum of the effective potential occurs, assuming the sign and magnitude of κ SM doesn't spoil the vacuum effect of φ. For an O(1) brane tension (in units of z ), the effective mass for the position modulus is O(z −1 ). In [16] we will show qualitatively similar results for the cone. A plot of the effective potential for the brane position modulus is plotted for both geometries in Figure 2 .
Interestingly, it is the competition between tension and Casimir energies (i.e. between a local and global effect) on the horn that results in a stable brane position, while on the cone this can be achieved even in the absence of Casimir, from the competition between just the geometric contributions. Since we have used a massless bulk field a residual scaling symmetry remains since there is only one dimensional parameter -the spatial curvature (on the horn), and the distance to the vertex (on the cone). Consequently the position dependence of each contribution to the total energy is monotonic, so the force resulting from each can only push the brane to positive or negative infinity on the horn, or zero and infinity on the cone. We therefore see why the competition between at least two effects was needed.
More generic compact spaces have no residual continuous symmetries, and we can expect each contribution to the total energy to have local extrema within the manifold. In this context, the Casimir energy of bulk fields with boundary conditions on the brane is particularly interesting for 3-branes in (3+d+1)-dimensional space (a standard braneworld scenario) because it may be the only source of bulk-position-dependent energy density (and thus the only cause of localization and stabilization) when such branes are point-like in the extra dimensions.
In a followup work [16] , we will provide more details of this calculation, both in 2+1 and 5+1 dimensions, and also the results for a Neumann boundary condition. The mechanism considered here is but one example of a generic class of effects wherein the physical behavior of higher-dimensional systems is sensitive to the structure of finite regions of the manifold. This should prove to be of relevance to model builders with specific phenomenological goals in mind, and will not be limited to braneworld scenarios alone.
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